We study a property weaker than the Dunford-Pettis property, introduced by Freedman, in the case of a JB*-triple. It is shown that a JBW*-triple W has this property if, and only if, W is a Hilbert space (regarded as a type 1 or 4 Cartan factor) or W has the Dunford-Pettis property. As a consequence, we get that the JBW * -triples satisfying the Kadec-Klee property are finitedimensional or Hilbert spaces (regarded as Cartan factor 1 or 4).
Introduction
Dunford and Pettis [9] proved that a weakly compact operator from L 1 (µ) to another Banach space sends weakly Cauchy sequences into norm convergent sequences. Grothendieck [11] showed that the same conclusion holds for weakly compact operators on C(K ), for any compact Hausdorff space K . A Banach space X has the the Dunford-Pettis property (DPP) if any weakly compact operator from X into some other Banach space is completely continuous.
For a long time, it was not known if every non-commutative C * -algebra has the DPP. In [4] , Chu and Iochum got a characterization of the C*-algebras having the DPP. Indeed, a von Neumann algebra has the DPP if, and only if, it is a finite direct sum of type I n von Neumann algebras. The von Neumann algebras whose predual has the DPP are characterized by Bunce [3] . For JB * -triples, a class including C * -algebras, Chu and Mellon have characterized those spaces with the DPP [5] .
The following characterization of the DPP was given by Grothendieck. A Banach space X has the DPP if, and only if, for any weakly null sequences {x n } in X and { f n } in X * , we have f n (x n ) → 0. Freedman [10] introduced a weaker version of the DPP as follows. A Banach space has the DP1 property if, and only if, for any weakly convergent sequences x n → x in X , and f n → 0 in X * , such that x n = x = 1, we have f n (x n ) → 0. Of course, the condition x n = x = 1 can be replaced by x n → x . Freedman shows that the DP1 is equivalent to the DPP for von Neumann algebras, but it is strictly weaker than the DPP for preduals of von Neumann algebras.
The DP1 property is weaker than a well-known isometric property, the Kadec-Klee property (KKP). Recall that a Banach space has the KKP if any sequence in the unit sphere whose weak limit is also in the unit sphere is indeed norm convergent.
In this paper, we characterize those JB * -triples having the DP1 property. In the case of JBW*-triples, we describe those spaces satisfying the DP1. As a consequence, we prove that a JBW * -triple has the KKP if, and only if, it is finite-dimensional or a Hilbert space (regarded as a type 1 or 4 Cartan factor).
Next we recall some well-known results about the DPP, the DP1 and the KKP. We refer to [8] as a good survey on the DPP.
Every JB*-algebra is a JB*-triple in the triple product {a,
The bidual of a JB * -triple E is also a JB * -triple that contains E as a subtriple.
For any JB*-triple E and a tripotent e ∈ E, that is, {e, e, e} = e, there exists a decomposition of E in terms of the eigenspaces of L(e, e), that is,
where E k (e) := {x ∈ E : L(e, e)x = 1 2 kx} is a subtriple of E (compare [17, Theorem 3.11] ). The natural projection of E onto E k (e) will be denoted by P k (e). This decomposition is called the Peirce decomposition with respect to the tripotent e and the natural projections are called Peirce projections.
A JBW*-triple is a JB*-triple which is a dual Banach space. Every JBW*-triple has a unique predual and its triple product is separately weak*-continuous [2] . By the Krein-Milman theorem and [16, Proposition 3.5] , to each non-zero weak*-continuous functional φ on a JBW*-triple W , there is a tripotent u ∈ W such that φ = φ P 2 (u) and φ = φ(u). If W is a JBW*-triple and f is a norm one element in W * , we can define a seminorm · f on W , given by
where e ∈ W is a tripotent with f (e) = f = 1. It is worth mentioning that · f does not depend on the support e of f (see [1] for more details). The strong* topology of W , noted by S(W, W * ), is defined as the topology on W generated by all the seminorms · f , where f is a norm one functional in W * . If E is a JB*-triple we denote by S(E, E * ), the restriction to E of the strong * topology of E * * .
First we show that the DP1 in JB * -triples can be characterized in terms of the triple product. In order to do this, we will use the following result, due to Chu and Mellon, which is stated in [ 
Chu and Mellon [5, Theorem 5] give criteria for DPP in JB * -triples. Indeed, a JB*-triple E has the DPP if, and only if, whenever x n → 0 weakly in E, we have {x n , x n , y} tends to zero weakly for every y ∈ E. On the other hand, a C*-algebra A has the DP1 property if and only if whenever a n → a weakly in A with a n = a = 1, we have a * n a n → a * a weakly (see [10, Theorem 3.1] ). These results inspired the following criteria for the DP1 property in JB*-triples. THEOREM 1 Let E be a JB*-triple. The following assertions are equivalent.
(i) E has the DP1 property.
(ii) For any weakly convergent sequence x n → x with x n = x = 1, {x n , x n , y} converges to {x, x, y} weakly for all y ∈ E.
(iii) Whenever x n → x weakly with x n = x = 1, we have x n → x in the S(E, E * )-topology.
Proof. (i) ⇒ (ii)
Let {x n } be a sequence weakly convergent in E to an element x ∈ E such that x n = x = 1, let y ∈ E and f ∈ E * . Let E c be the JB * -triple obtained from E by changing the scalar multiplication to (λ, e) → λe. Define the operator T :
Then T : E c −→ E * is linear and by using [4, Lemma 5] , T is weakly compact. Since E has the DP1 and x n w → x in the unit sphere, by [10, Theorem 1.4] , T x n → T x in the norm topology, and this implies that
The rest of the proof is obtained following the argument used in [5, Theorem 5] , where Lemma 1 is used.
By using condition (ii) in Theorem 1 we get the following.
COROLLARY 1 Let E be a JB*-triple with the DP1 property and let F be a subtriple of E; then F has the DP1 property.
For the predual of a JBW*-triple W , Chu and Mellon [6, Lemma 15] give a characterization of the DPP. Indeed, the predual of W has the DPP if, and only if, for every weak null sequence w n in W , the sequence {w n , w n , w} is weakly null for all w ∈ W . Freedman [10, Proposition 2.6] found a necessary condition to have the DP1 property for the predual of a von Neumann algebra. In the case of a JBW*-triple we get the following result. PROPOSITION 1 Let W be a JBW*-triple with predual W * and suppose that W * has the DP1 property. Let w n → w weakly in W with w n , w 1, let f ∈ W * and y ∈ W with y
Proof. For each n ∈ N and y ∈ W , let us define the functional given by
Since the triple product is separately weak * continuous [1, Theorem 2.1], it follows that f n ∈ W * . We are assuming that w n → w in the weak * topology and the triple product is separate weak * continuous; then f n (x) = f {x, w n , y} → f {x, w, y} and thus
JBW*-triples with the alternative Dunford-Pettis property
The aim of this section is to describe those JBW*-triples having the DP1 property. Our first goal is the study of the DP1 property in the particular case of a Cartan factor. In a finite-dimensional space, the DP1 property is trivially satisfied. For this reason we focus our attention in the infinitedimensional case.
PROPOSITION 
Let us suppose that C 1 is not a Hilbert space. Since B(H, K ) can be identified as a triple to B(K , H ), we can assume that 2 dim K dim H = ∞. Let k 1 , k 2 be two orthonormal elements in K and {h n } be an orthonormal sequence in H . Let us consider the operators given by
It is immediate that x n = x = 1 in B(H, K ). Since {h n } converges to 0 weakly, {x n } is w-convergent to x. Now take y = k 1 ⊗ h 1 ; an easy computation shows that {x, x, y} = Now we proceed with the study of the rest of the Cartan factors. We give a brief description of the Cartan factors of types 2 and 3. Let H be a complex Hilbert space equipped with a conjugation (conjugate-linear isometry of period 2) j : H → H ; then for any z ∈ B(H ) we can define its transpose z t := j z * j. The type 2 Cartan factor coincides with the Banach space of all t-symmetric elements in B(H ) (z t = z), and the type 3 Cartan factor is defined as the Banach space of all t-antisymmetric elements of B(H ) (z t = −z). The triple product of these Cartan factors is the restriction of the triple product in B(H ).
PROPOSITION 3 Let C 2 be a type 2 Cartan factor having the DP1 property; then C 2 is finitedimensional.
Proof. Let C 2 = {z ∈ B(H ) : z t := j z * j = z} be an infinite-dimensional type 2 Cartan factor, let h 1 , h 2 be orthonormal vectors in H , and H 0 the Hilbert space generated by {h 1 , h 2 }. Now denoting e := j (h 1 ) ⊗ h 1 + j (h 2 ) ⊗ h 2 we conclude that e is a tripotent in C 2 and it is easy to check that the Peirce subspace (C 2 ) 1 (e) coincides with the subspace
which fails the DP1 by Proposition 2. Since (C 2 ) 1 (e) is a subtriple of C 2 we conclude, by Corollary 1, that C 2 fails the DP1.
PROPOSITION 4 Every type 3 Cartan factor having the DP1 property is finite-dimensional.
Proof. Let C 3 = {z ∈ B(H ) : z t := j z * j = −z} be an infinite-dimensional type 3 Cartan factor and let h 1 , h 2 be orthonormal vectors in H . Now denoting e := − j (h 2 ) ⊗ h 1 + j (h 1 ) ⊗ h 2 we conclude that e is a tripotent in C 3 . In this case, the equality
holds. Finally, following the same arguments as given in the proof of Proposition 3 we conclude that (C 3 ) 1 (e) (and hence C 3 ) fails the DP1.
Finally we proceed with the study of the DP1 property in a type 4 Cartan factor. A type 4 Cartan factor is a JB*-triple which can be equipped with a complete inner product (·|·) and a conjugation * such that the triple product satisfies
and the norm is given by
PROPOSITION 5 Every type 4 Cartan factor has the KKP and so satisfies the DP1 property.
Proof. Let C 4 be a type 4 Cartan factor, with inner product (·|·) and conjugation * . Let {e λ } λ∈ be a (·|·)-orthonormal basis of C 4 satisfying e * λ = e λ for all λ ∈ . If for each x ∈ C 4 we put x(λ) := (x|e λ ), then the norm is given by
First we will check that for any set F ⊂ and x ∈ C 4 , the inequality
holds. For x ∈ C 4 and F ⊆ it is satisfied:
which is equivalent to
For any subset F ⊂ , let us denote by P F the projection on C 4 given by P F (x) := λ∈F x(λ) e λ . By (1) it follows that P F 1. We are going to prove that for any ε > 0
To this end, let us fix x ∈ C 4 with x = 1 and a subset F ⊂ satisfying
it follows that
Now we show that C 4 has the KKP. Thus assume that {x n } → x 0 weakly and x n = x 0 = 1. For any ε > 0, let us choose a finite subset G ⊂ satisfying
Since P G has finite rank and P G (x n ) w → P G (x 0 ), it follows that P G (x n ) converges to P G (x 0 ) in norm. Then, we can choose m ∈ N such that for all n m
By using (2) we deduce that
Therefore for n m we have
that is, {x n } converges to x in the norm topology.
REMARK 2 Let C 1 = B(H, K ) a type 1 Cartan factor, where H and K are complex Hilbert spaces with dimensions n and m, respectively, then n 2 and m 2 embed isometrically as 1-complemented subspaces of C 1 .
If C 2 := {x ∈ B(H ) : x t = j x * j = x} (where j is a suitable conjugation on H ) is a type 2 Cartan factor, then the proof of Proposition 3 shows that C 2 admits as a complemented subspace an isometric copy of n−1 2 . In this case we can take e = j (h 1 ) ⊗ h 1 , and (C 2 ) 1 (e) ≡ n−1 2 . It is worth mentioning that the natural projection from C 2 onto n−1 2 has norm at most 2. The same conclusion holds for type 3 Cartan factors by using Proposition 4 instead of Proposition 3.
Finally, if C 4 is a type 4 Cartan factor with inner product and conjugation denoted by (·|·) and * , respectively, then U := {x ∈ C 4 : x * = x} is a 1-complemented real subspace of C 4 , which is also isometric to dim C 4 2 .
Once we have determined all Cartan factors having the DP1 property, we can deal with the same problem in any JBW*-triple. By the structure theory (see [12] [13] [14] ), every JBW*-triple W has a decomposition into the ∞ -sum
where C α is a Cartan factor, R is a weak Proof. Let A be a continuous JW-algebra; by [5, Proposition 12 ] the ∞ -sum ∞ n 2 H 2 n (R) embeds (isometrically) as a Jordan subalgebra of A, where H 2 n (R) is the algebra of hermitian 2 n × 2 n matrices. If A has the DP1 property then the ∞ -sum ∞ n 2 H 2 n (R) has the DP1 property by Corollary 1, which is impossible since
and this contains as a complemented subspace an isometric copy of
(see Remark 2) . But by [25, p. 81] and Remark 1, the latter space fails to have the DP1 property because it contains as a complemented subspace an isometric copy of R ⊕ ∞ 2 . Therefore A does not have the DP1 property.
We can now characterize those JBW*-triples having the DP1 property. If a JBW*-triple W has the DPP, then W has the DP1 property. We recall that, in the particular case of a von Neumann algebra, the DPP and the DP1 properties are equivalent [10, Theorem 3.5] . For a JBW*-triple we will not have this equivalence in general. Indeed, every infinite-dimensional Hilbert space H , regarded as a type 1 or 4 Cartan factor has the DP1 (see Propositions 2 and 5); however, H does not have the DPP. The next result shows that this is the only possible exception. Proof. We know that W is of the form
By Corollary 1 and Lemma 2, we know that H (M, β) = 0. If R = 0, then R = pN for some continuous von Neumann algebra N and some non-zero projection p ∈ N . By Corollary 1, the von Neumann algebra pN p has the DP1 property since R = pN has the DP1 property. For a von Neumann algebra the DP1 property and the DPP are equivalent [10 
Therefore, H
∞ H is a subtriple of W without the DP1 property. Hence, W is a Hilbert space regarded as a type 1 or as a type 4 Cartan factor.
Finally, we suppose that dim C α < ∞ for every α. By Remark 2, each type 1, 2, 3 or 4 Cartan factor C α , contains a complemented (real) subspace isometric to n α 2 and {n α } is increasing with respect to dim C α . Moreover, the natural projection from C α onto n α 2 has norm less than 2. Suppose that sup α dim C α = ∞, then ∞ C α is a subtriple of W , thus has the DP1 property. However, ∞ C α contains as a complemented subspace an isometric copy of Proof. We know that KKP implies the DP1 property in general, and so, in view of Theorem 2, the JBW * -triple either has the DPP or it is a Hilbert space. By using the description due to Chu and Mellon [5] , if the space has the DPP, the triple W can be decomposed as
where C α is a Cartan factor and sup α dim C α < +∞.
If for some α, the space L ∞ (µ α ) is infinite-dimensional, then L ∞ ( α , µ α , C α ) contains an isometric copy of ∞ . Since the KKP is preserved by passing to subspaces, ∞ would have the KKP, which is far from true (see [7, Theorem II.7.10] ). By the same argument the set of indexes is finite and so W is finite-dimensional.
On the other hand, Hilbert spaces have the KKP. Also we have proved that a type 4 Cartan factor has the KKP (see Proposition 5) .
